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The Incremental Motion Model:

The Jacobian Matrix

In the forward kinematics model, we saw that it was possible to re-

late joint angles , to the configuration of the robot end effector

In this section, we will see that it is possible to model the relation-

ship between the jointrates, , and the velocity of the end effector,
, with a matrix as follows:

or

where  is theith component of angular velocity and  is a ma-

trix of size 6 x N, and N is the number of joints on the robot. We will

derive this matrix by calculating  as a function of  and factoring

out . But first, as further illustration, let us consider a simple
planar example.:

We can see from this example that we can resolve the velocity of the
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tip into x and y components as follows:

which can be expressed in a trivial matrix equation as:

or

Alternatively, we can look at the tip force, and the torque around the
joint:

which again gives a trivial matrix equation:

or

Jumping ahead from this simple example, we will see that the Jaco-
bian Matrix can also be used to relate tip forces to joint torques.
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Properties of Linear Transformations

Source: “Introduction to Matrices and Determinants,” F.Max Stein, 1967.

Facts:

1.  exists if and only if

and if , we say A is asingular matrix.

2.   Therank of A is the size of the largest square sub-matrix,S,
for which

3.   If two rows or columns of A are equal or related by a con-
stant, then .

4.   Any singular matrix has at least one eigenvalue equal to zero.

5.   If A is non-singular, and  is an eigenvalue of A corre-
sponding to the eigenvectorx, then

6.   If A is square, then A and  have the same eigenvalues: i.e.

7.   If the n x n matrix A is of full rank (i.e. ) then the
only solution to  is the trivial one, .

8.   If , there are  linearly independent (i.e. orthogonal)
solutions,

for which  (see also 4.)
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Properties of the Jacobian Matrix

We have seen

(1)

and (2).

Velocity Mapping

Consider the square 6x6 case. If , (2) has no solu-
tion (facts 1 & 2). Also, by fact 8, if the rank, r = 5, there is one non-
trivial solution to

so there is a direction in joint velocity space for which joint motion
produces no EE motion.

We call any joint configuration, , for which

asingular configuration.

Furthermore, for certain directions of EE motion, , ,

where

, and

if  is full rank, we have:

(see fact 5). As we approach the singular configuration ,

there is at least one eigenvalue (j) for which . Thus,

In other words, motion in the particular direction   causes joint ve-

locities to approach infinity.
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Force Mapping

Consider

Clearly, , since . Thus,

at , there exists

In other words, a finite force in a certain direction producesno
torque at the joints (if rank , there is just one such
force direction, see facts 4,6,7).
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The Jacobian by Differentiation

In addition to the method of velocity propogation, the Jacobian can
be obtained by differentiation of the forward kinematics equations.

Considering the above planar manipulator, define the configuration

vector . The forward kinematic equations of this arm
are:

Differentiating the first of these expressions, gives

or

X

Y

l1

l2

l3

θ1

θ3

θ2

α

y

x

x x y α, ,[ ] T
=

x l1c1 l2c12 l3c123+ +=

y l1s1 l2s12 l3s123+ +=

α θ1 θ2 θ3+ +=
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Similarly,

and

Thus,

Remember that we started with the expression for the EE configura-
tion in frame 0 so the resulting Jacobian is still in frame 0.  In con-
trast, the velocity propogation method leaves us with a Jacobian in
frame N.  Either result can be rotated later as necessary.

Example: Singular Configuration

To look at a singular configuration of this manipulator, take for ex-
ample,

Note that for ,

, , , . This gives

If we denote the rows of J by {r1,r2, r3}, and recall that for ,

 then we note that

so that  (fact 3).
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This means that

is a singular configuration. Note that on closer examination, we see
that  is singular forany value of ! (This should be obvious

from the geometry). This is because, for any , we still have

and  is a constant. Thus,

is a singular configuration for any .

Force at a singularity

Since , at a singular pointQ,we can expect non trivial (i.e.
non zero) forces  such that

In words, there will be some force vector or vectors which can be ap-
plied to the tip which generate no torques in the joints. So, in a sin-
gular configuration, the mechanism can “lock up” with respect to tip
forces or torques in certain directions. For example, supposeQ is de-
fined as above, and

Note that this corresponds to a force applied to the tip in the direction
opposite to the outstretched arm, and that no external torque is ap-
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plied to the tip. Now, writing  in a simplified form,

where

and

This situation is an old and famous one in mechanical engineering.
For example, in the steam locomotive, “top dead center” refers to the
following condition

The piston force, F, cannot generate any torque around the drive
wheel axis because the linkage is singular in the position shown.
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Velocity at a singularity

Note that although  has no solution in general, if we
assume that J loses rank by only one (i.e. r = n-1), then there are n-1
eigenvectors in the task velocity space, , for which solutionsdo

exist. However, there will be multiple solutions. For example, if

The force vector looks like this

We can see (at least geometrically) that the valid solutions for the re-
sulting joint velocities will be
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or, linear combinations of these such as

where

This can be verified by multiplying any of the solutions by  to

obtain .

However, if there is any component of tip velocity in the direction
corresponding to the zero eigenvalue of J, then at least one joint rate
will go to infinity.
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Advanced Topic: Coordinate Free Jacobian Matrix

Source: Lecture notes by Dr. Amir Fijany, USC/JPL, 1990

We earlier described the elements of J as the “effective radius” be-
tween task axis i and the end effector. Consider the propagation of
angular velocity for an all revolute manipulator which we used to
compute the bottom three rows of the Jacobian matrix

This is also trueindependent of any particular frame.That is

as long as all of the vector quantities in this equation, and

 are ultimately evaluated in the same frame. This is acoordi-

nate free representation of the propagation of velocity. Since the co-
ordinate free form is so simple, let’s expand the recursion for a six
axis manipulator:

etc. Which gives finally,

which is

Note that the matrix formed by assembling the  vectors into col-

umns is simply the bottom three rows of the Jacobian matrix (also in
coordinate free form). By a similar but slightly more complicated
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derivation:

Where  is the vector connecting the origin of frame 6 with the

origin of frame n. Note that  is zero and so the last column

above should also be zero. This is correct because  should make

no contribution to thelinear velocity of frame 6.

The overall Jacobian in coordinate free form is obtained by combin-
ing the two velocity results:

where

The projection of this Jacobian onto any desired frame is “simply”
obtained by representing each vector in the desired frame, e.g.
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and,  can be transformed to any other frame by

where  is the rotation matrix describing the relative orientation

between framesm andn and 0 is the 3x3 matrix of zero elements.
The two R’s simply rotate the vectorial elements of the two rows of
the Jacobian matrix.

Similarly, we can change the point at which velocity is computed
from the origin of frame 6 to any point, r, which is rigidly connected
to  by

where  is the 3x3 identity matrix, and  represents the skew-

symmetric matrix which encodes the operator . When

projected into some frame,n,
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