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Some Definitions

Linear Velocity:

Definition: The instantaneous rate-of-change in linear position of a
point relative to some frame.
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The poEition of a point Q in {A} is represented by the linear position
vector, PQ :
.

APQ - A[qx Qy qz} (1'1)

The velocity of a point Q relative to {A} is represented by the linear
velocity vector, Q"

dra A- AT
AVQé 7[ pq] = [qx q, q} (1-2) LINEAR VELOCITY VECTOR
Angular Velocity:

Definition: The instantaneous rate-of-change in the orientation of one

frame relative to another.

Just as there are many of ways to represent orientation (Euler Angles,
Fixed Angles, Rotation Matrix, etc.), there are also many ways to rep-
resent the rate-of-change in orientation. We will focus on two: the
Angular Velocity Vector and the Angular Velocity Matrix.

Angular Velocity Vector:

Definition: A vector whose direction is the instantaneous axis of rota-
tion of one frame relative to another and whose magnitude is the rate of
rotation about that axis.

The angular velocity vector,

B

represents the instantaneous rate of rotation of {B} relative to {A}.

Angular Velocity Matrix:

The rotation matrix’,;R defines the orientation of {B} relative to {A}.
Specifically, the columns ¢k are the unit vectors of {B} represented
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in {A};

= fw) ) ] &

If we look at the derivative of this rotation matrig = %[QR} , the col-
umns will be velocity of each unit vector of {B} with respect to {A}:

IR

Like the rotation matrix, this matrix has a number of “interesting” prop-
erties: Each column vector is perpendicular to the corresponding col-
umn vector in the rotation matrix and all three columns vectors are each
perpendicular to a single vector which represents the instantaneous axis
of rotation. This latter property implies some sort of relationship with
the angular velocity vector since the instantaneous axis of rotation is a
normalized angular velocity vector.

oR = (1-5)

The relationship betweei® afd, can be seen if we faetor  into:

0 -0, 0
A.
BR=10, 0 -Q¢R (1-6)

-0, Q, 0

The skew-symmetric matrix,

0 Q0
A zy ANGULAR VELOCITY MATRIX
Ra? |, 0 - (1-7)

z

-Q, 0, 0
is called the angular velocity matrix and $he elements of this matrix are
the same as the elements'of = [q, o, |

Free Vectors:

Linear velocity vectors are insensitive to shifts in origin. In the example
below, the velocity of the car frame {C} relative to both {A} and{B} is
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the same. That iSy,. = °v,

B}

As long as {A} and {B} are fixed relative to each other and have the
same orientation, the velocity is unchanged. For this reason, linear
velocity vectors are called free vectors.

Velocity Frames

When talking about the velocity (linear or angular) of an object, there
are really two important frames that are being used:

1. Theframe of referencehis is the frame used to measure the
object’s velocity

2. Theframe of representationthis is the frame in which the velocity
is expressed.

For example, the linear velocity vectgk( Is the linear velocity of
some point Q when using {B} as the frame of reference. If we trans-
form this vector (e.g.’;RBvQ then the resulting vectastit the veloc-

ity of Q relative to {B}, butrepresentedn a different frame {A}.

Our standard frame notation is augmented as follows to support this
important distinction:
AlB , OA A_B
0 VoO= B8R Vg

AB. OA

N (1-8)
0 QCD‘ gR Qc

Note that in the general casgiv, 3= iR%,#",  becdse  may be
time-varying.
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Using the figure below, and given that the car’s (accurate) speedometer
reads 100kph, fill in the elements of the table:

Velocity

Road

seeenl Hve | BN | "Bl | BV
A ood | [ood | [ood | [1000d
B bod | [r171d | [ood | [1000d
C ood |[71-71d | [ood | [1000d
D ood |[o-100d | [ood | [1000d
= bod |[71-71d| [ood | [1000d
F | ood |[a000d | [00d | [000d
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Mathematics Toolbox

Angular Velocity: Vector vs. Matrix

The angular velocity vector and angular velocity matrix allow us to
specify angular velocity in different ways. The vector form is conve-
nient because it has an easy-to-grasp physical meaning; however, the
matrix form is often more convent when doing algebraic manipula-
tions. So we need to be able to shift easily from one form to the other as
needed.

The following table shows a helpful list of corresponding matrix and
vector forms:

Table 1: Matrix and Vector forms of angular velocity

0 -0, Q
Ae = «—>r Ao - T
BRo=|Q, 0 —Q Q = [0,0,0)
-, 0, 0
A O > DA O
kgRoO ko Qg0
A . T A T
eRallxy 4 — Qg% [xy 4
s A . T S,
REER, TR > R

Changing the Frame of Representation: Linear Velocity:

We have already used the homogeneous transform n@[rlx, , to com-
pute the location of position vectors in other frames:

Py = TP, (1-9)

We use the derivative of this relation to study the relationship of veloc-
ity from one frame to another:

dﬁt[ApQ] - dﬂt (%P, (1-10)
or "Pg = BT P+ 4T Pg (5-11)
A.
where g7 =S {QR} {APBorJ = {B EQR} {A\’Borg} (5-12)
ooo 1 000 0
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B. d|IA
and Pq = d—{{ PBorJ] =
1

[’\/Borg}] . (5-13)

0
Using (5-12) and (5-13), (5-11) can be expanded to

@w@] oo [ed W [ P

0 1 000 1

M] . (1-14)

000 0 0

This expression can be broken down into the sum of three components:

N = SRl A oy, (1-15)

Borg B Q

We can convert the angular velocities in this expression to vector form
using Table 1 on page 5 so that

A = A0 x RPL O A+ AR V. (1-16)

Q Borg B

Note that in the special case Whgme; 0 (Peg, = 0 ang, = o )
then (1- 16) simplifies t6vg, = A& v, = v, which shows that

g = B Voo holds only in this” special condition.

Changing the Frame of Reference: Angular Velocity

We use rotation matrices to represent angular position so that we can
compute the angular position of {C} in {A} if we know the angular
position of {C} in {B} and {B} in {A} by

ER. (1-17)

To study how angular velocity propagates between frames, we will
look at the derivative of (1-17):

cR = GRER+ ARCR (1-18)
Substituting in (1-6) yields
RalR = PRogRER+ ROPCR. (1-19)
Post-multiplying by:R" and simplifying yields
o = BRa+ GRCRR'- (1-20)

Using Table 1 on page 5, the angular velocities can also be expressed in
vector form as:

Ao, = "o, +aR%Q, (1-21)

So the angular velocities of frames may be added as long as they are

Ver-1.0 Page V-6

Winter'96

SCV



UW EE 543 Lecture Notes: Velocity Vectors
Notes

expressed in the same frame.

Velocity propagation between robot links

i— 1 :
The homogeneous transform matrix,T  , provides a complete
description of the linear and angular position relationship between
adjacent robot links. These descriptions may be combined together to
describe the position of a link relative to the robot base frame {0}:

r=trr. (1-22)

We would like to have a similar description of the linear and angular
velocities between adjacent robot links and also between a given link
and the robot base.

Frames and Notation:

In robotics, we are often interested in the velocity of a frame relative to
the robot base. A special notation is used to express this:
O, , 0
Wé oVvio

A 9. O
W= g9QnQ

(1-23)

These velocities relative to the robot base are often expressed in other
frames. The following notation is used for this:

k, & k[DV_D= KR G
o DROTOT (1-24)
k‘*%é E’QE: ngi
Angular Velocity of adjacent links
From (1-21) we have the relation,
Ao, = %o, + iR, (1-25)
If we assign the link coordinate frames for adjacent lifiks and

{i+1} , with velocity computed relative to {0}, the robot base, we
can make the following substitutions in (1-25):

0-A i-B (i+1) - C (1-26)
so that (1-25) becomes

Q.. =0 E?R in +1B- (1-27)

Here'o ,, is the relative rotation of the links due to joint rotation.

i+1

We can premultiply by” ;R  to convert the frame-of-reference for the
left side to{i + 1} , yielding:

Ver-1.0 Page V-7
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O+iefo  H=B*rfo B+ H  Rorda , 0 (1-28)
Substituting in the notation defined in (1-24) yields
e, = e+ TR (1-29)

1+1 1 i i+1
The second term of this sum is the angular velocityiof 1} relative

to {i} and expressed ifii +1} , which is jt{gto 'ei+1T . The first
term can be rewritten in terms '«rﬁl

(1-30)

i +1 _ i+l . T
W= Ro+ [OOGHJ

Equation (1-30) is recursive: it shows the angular velocity of one link
in terms of the previous link as well as the relative motion of the two
links. Since'* w,, depends on all previous links through this recur-

sion, angular velocity is said to “propagate” from the base to subse-

guent links.

Linear velocity of adjacent links
From (1-15), we have the relation,
Ny = ’B\RQ%RBPQE * Naog + ;\RBVQ : (1-31)

If we assign the link coordinate frames for adjacent li{iks and
{i+1} , with velocity computed relative to {0}, the robot base, we
can make the following substitutions in (1-31):

0-A i - B (i+1) - Q (2-32)
so that (1-31) becomes

0 = 0 0 0 _
Vi+ |RQI].R Pi+1DO vt iRIV(i+1) (1-33)
Pre-multiplying by'”R yields
i+l - '+1 0. Livl i+1 i
OR Ov(i+1) B IRQ R P 0R OVi + OR ?R V(i+1) (1'34)
which simplifies to
i+1 _|+1 i+1 P+1i
oR OV(i+1) - |RQ 1t oR OVi + iRV - (1-35)

Factoring 0Uf+lR from the left side of the first two terms and substitut-
ing [0 04 +J for the third term yields:

i+1 _I+l ] T
RViy = R(GR S R R OP(+1) *o RO v, } +[00d,+J . (1-36)

Using Table 1 on page 5, we can write this in vector notation as

Ver-1.0 Page V-8
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e —
vy, |+1_REIQ)I XIP;+1+IVE+ [0 Od”J . (2-37)

Like (1-30) for angular velocity, equation (1-37) is recursive: it shows
the linear velocity of one link in terms of the linear and angular velocity
of the previous link as well as the relative linear motion of the two
links. Since' "', , depends on all previous links through this recur-
sion, linear velocity is said to “propagate” from the base to subsequent

links.

Summary and Example

The primary results of this section is the angular and linear velocity
relationships between a given link and its previous link, as shown by
(1-30) and (1-37) and repeated here:

i +1

(1-38)

i1 . T
@, = "Ro+oob,

i+ 1 i+1_[J i i O . T
Vigg = ROw x P, 4+ vig+ [0 Odi+]j . (1'39)

We will use these relations to complte ~ &4)yd , the angular and lin-
ear velocity of the “tool” frame relative to {0} (the robot base) and
expressed in {4} (the “tool” frame), for the following robot:

il %] &g G |G

1 0 0| 0|6

2 | w2 | 4 0|6,
b, 3 L, | 0| 63
> 4 L, 1 0] O
0/1'%1 Ly

Using techniques derived in earlierlparts of this class, we can specify
the homogeneous transform matyix, T for each adjacent link pair:

Ver-1.0 Page V-9
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¢, -5 0 |o C, =S, O |L,
(1)T: s, ¢, 0|0 ;T: 0 0 -1 |0
o041l s, ¢ 00
ooo 1 000 1
_ ] (1-40)
C3—S; 0 |L, 100 |Lg
§T= S3¢; 0010 iT: 01 0
o o0110 001 |0
ooo 1 jooo0 1

Using (1-38), we can first compute the per-link angular velocities:

. o 0 ¢, 5 0[g] |0 0
W = RW+ 0] = s ¢, 00+ 0] =0 (1-41)
0, 0 040 [0 [B

0 c, 0s/lo] |0 s,61
@, = Rw+|0] = |5, 0¢, 0[+|0] =, (1-42)
6, 0 -1 0|8 |6 0,

0 C3 530 01 [0 Sp301
3
.

3.2 . .
3 T RW* 101 = 15,050/ [c,01 * | 0] = | cy501 (1-43)
% Lo odle, | 9 |o,+8,

I 0 S23-91

4 af3 3 .
w4—¥ﬁ(.o3+ 0 = Wy =|c,8
0 62+93

(1-44)

Now using (1-39), we can compute the per-link linear velocities (note
that the[o 0d., termhas been ignored since the robot in this exam-

ple has no prismatic joints):

c, s, 0 g
1 21 ¥ g0 (0 [Og |O
1 1[0 0 o O
Vi = ROW X Py* Vo0 = |, ¢y 0|0 |0 +]0/H = |0 (1-45)
o o100 o oo |o
2 2 1. 1 0 C2 0550 |Ly 0% 0
V2=1RDQ)1X P2+ v, = _520C2E0 X|ol+ OB: O. (1_46)
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Notes

Winter'96

SCV



UW EE 543 Lecture Notes: Velocity Vectors

. ¢ 0

, cy S;3 00201 L, 0 E

Vy = JRO W, x P+ v,g = -s, C30BC291 x|+ O. B
Lo 010 &, 0] |84

) (2-47)
Cy 550 0 (LyS3) ?2
= |-s;¢50 L,6; | = (L,cs) 6,
0 0 1|-L,c0; (-L;—L,C,) 64
' S2391 Ly (LS5 6,
4 _ 4[8B 3 3 0O_ . .
Vp = ZREI Wy X Py+ V= C,301 Xlol* (Lycy) 07
92 + -93 0 (_Ll — L2C2) 91
(L253) 62
= | (Lyca+Ly) 05+ 1L,0;
(L —Lyc—L3Ch5) 61
(1-48)
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Robot Velocity

In robotics we are often called upon to manipulate objects with the tip
of the robot which is represented here by frame {N}.

Kinematic Relations

The location of the robot tip may be specified using either a joint space
description,

(1-49)

(1-50)

whereorN is some 3-tuple description of the orientation of {N} relative
to {0} using Euler Angles, Fixed Angles, or some other representation.

Tip Position
in Joint Space

Tip Position
in Cartesian Space

The robot kinematics equations relate these two descriptions of the
robot tip position. Specifically, the forward kinematiss= FK(0) ,
allows us to determine the cartesian position given the joint positions,
while the inverse kinematic§, = IK(X) allows us to determine the
necessary joint positions to achieve a desired cartesian position.

Ver-1.0 Page V-12 SCV
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Velocity Relations

Just as the cartesian position of the robot tip is interesting, so also is the
cartesian velocity. Looking at the figure above, the necessary motions
for inserting the screw can be described as a positive angular velocity
about the x-axis of {N} while there is a small, positive linear velocity
along the x-axis of {N} as the screw is driven in.

We would like to have mathematical expressions which do for joint
velocity and cartesian velocities what forward and inverse kinematics
do for joint and cartesian position:

Tip Velocity in Tip Velocity in
Joint Space Cartesian Space

The Robot Jacobian

We have already used the recursive expressions for adjacent joint lin-
ear/angular velocity

i+1 i+10

Wy = iRw.{ooéHJT' (1-31)

i+1 i+1 [ i i O . T
Vigr T iRDw|XPi+1+ViD+[OOdi+;J' (1-52)

to compute'w, andy, for oufN =4) example robot, yielding:

(L,S5) 6, Sy301
4 . ; 4 .
Vg = | (Lyca+Ly) 8,4 Lo0s | ANdYw, = | ¢, (1-53)
(L1 —L,6—L3Cy) 6, 6,+6;

Looking at the figure above, thg, ahg  values are exactly what we
want to relateX td®

Ver-1.0 Page V-13 SCV
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(L,S5) 6,

y (L2C3 + L3) 92 + L363
. 1 .
4)-( — 5 é 4V4 — (_Ll - LZCZ'_ L3C23) 91 (1_54)
QX W, Sy301
Y C 91
;QZA . 23 -
6, + 065

If we factor out the vector = [91 8, gg}T from this matrix, we get

4r -

0 L,s; O
0 Lt La Ly [y
4 = —(Ly+L,c,+ L5, 0 0 8, - (1-55)
S23 o 0 5
Cog o o|t?
i 0 11

It turns out that,, ana, will always be a linear combination of the
joint velocity elements o . So the expression in (1-54) will always be
factorable into the form in (1-55).

We call the matrix,

ar _
0 L,s; O
0 Lcg+Llglg

4J(9) - _(Ll + LZCZ + L3023) 0 0 (1'56)
Sy3 0 0
Cyg 0 0
L 0 1 1]

the robot’s Jacobian matrix, expressed in frame {4}. We can use the
recursive equations in (1-51) and(1-52) to fiad ~ &nd  and thereby
find the (6 x N) “ie) matrix for any robot.

Properties of the Jacobian

Frame of Representation

In the example above, we derivémh) for our example robot; this
matrix gives the cartesian velocity of the robot tip relative to the robot
base and represented in frapd = 4} . We write this as

% = *30)6 (1-57)

Ver-1.0 Page V-14
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4r 7
X
y 6;
4. z &Y 6
where X=lg|=|, NI and = |2 (1-58)
X .
O‘)N .:
2y Oy
€]

It would be useful to know how to convert the Jacobian matrix so that
the cartesian velocity{ is expressed in some other frame. We know
that since

B
Pk {BVN], (1-59)
Wy
A A
then X = AVN = :‘RDBVN : (1-60)
Wy BRDB(")N

In terms of the Jacobian relatiox, = J(e)é , We can express this
change in representation as

00
W oo
A% = A30)8 = 0001854 (1-61)
00
200 [
00
00
o o
so that A)0) = 000184 (1-62)
00
009 R
L 0 0 -

is the relation which to converts a Jacobian from one frame of represen-
tation to another.

Using the result in (1-62), we can compoulée) for our example robot
from J(8) given in (1-56) by

Ver-1.0 Page V-15
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€103 =C153 §; 00 gl 0 L,S, 0
$1C23 =S153 ¢4 {0 0 % 0 LyCa+ Ly L,
OJ(B) _ L33 Co 0 00 —(Ly +L,C, +L5Cy0) 0 0
00 C1Co3 €153 §; 523 0 0
{o 0 % $,Cy3 —5,Sy3 —C; C23 0 0
00 S5 C3 O] ° 0 ! (11.163)

—L38,Cp3=L,8,C,—L1S; —L3C1S,5—L,CyS; —L5C;Sy5

L3CiCo—LyCip+ L€ —L38iSy5— L1581, —L38:8y5

= 0 L3Chst LyCq L3Cys
0 S; S,
0 -, —<;
1 0 0

The two Jacobiané,](e) ar?d(e) , both give us the cartesian velocity
of the robot tip relative to the robot base

% = *30)6 (1-64)

0.- 0 .

X = "J(6)6
but 4J(e) gives us this velocity represented in {4} wh(fl}ée) gives us
this velocity represented in frame {0}.

Alternative approach to finding the Jacobian

The >t matrix contains all the necessary information to describe the
position and orientation of frame {N} relative to frame {0}. Therefore,
the derivative of this matrixit ~ will contain all the necessary informa-
tion to describe the rate-of-change in position and orientation (i.e., lin-
ear and angular velocity) of frame {N} relative to frame {0} and
expressed in frame {0}. This is the exact information that we need to
expressie) .

The contents oft  will have the following structure:

A By {3% EﬁR} ) (1-65)
ooo O 000 0

If we postmultiply i by a special matrix which “cancels” e term
in the rotation submatrix, we get a new matrix,

0

I G A NN P

000 0 ooo O
000

N ~ 1
o O© o

[N

Ver-1.0 Page V-16
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which, by definition, is structured with the following elements:

0 -Q, Qy X
0~ Q 0 -Q y
NT = || 2 XY (1-67)
-Q, 9, 0
| 000 0]

So, to find%@) for any mechanism, we could do the following:
1. Compute the following matrix using ~ (ad  frgm ):

0
[t | 9 [ B e
000 0 ooo O
ooo 1

2. Using the0 pattern shown in (1-67), extract the following elements
from thisnT matrix:

X = . — |NTEB, 40 (1-69)

3. Factor out the = [91 0, ... gNT from (1-69) to form the velocity
relation

N X

= °3(0) (1-70)

y

o 0 ©
>

4

The computation otie) by this approach is often more difficult than
the recursive approach shown earlier, but, as a second method to find
the Jacobian, it can provide a some additional confidence that a given
Jacobian derivation is correct if the two approaches produce identical
results (after rotating eithése) o)  to match the frame of repre-
sentation of the other).
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The Inverse Jacobian Relation

We now have a the necessary tools to derive the Jacobian matrix for
any robot in any desired frame of representation and compute the carte-
sian velocity of the robot tip represented in that frame using

X = J0)6. (1-72)

Can we solve foB interms &f ? This would be very useful because
it would tell us the joint velocities necessary to achieve a desired carte-
sian velocity. We can compute this relation from (1-71) as

6 = 7 e)x (1-72)

However, isJ_l(e) invertible? In general, th{@& x N) Jacobian
matrix may be non-square in which case the inverse is undefined. A
matrix is invertible only if it has a non-zero determinant (non-invertible
matrix is called &ingularmatrix). Looking at the Jacobian](6) and
augmenting the robot with three zero-valued joints to make a square
Jacobian matrix,

il 0 Ls; 000d[g]
0 L,cg+s;L;00 8,
4 = [T (bt L+ Lacyy) 0 000 0 (1-73)
Syg 0 0000,
Cya 0 0000Qfo
i 0 1 10000

we can see immediately that the matrirasinvertible because one or
more rows or columns of zeros means that the determinant is zero.

The Reduced Jacobian

We know that &N <6 manipulator does not have the necessary degrees
of freedom to achieve independTent control of its all six cartesian veloc-
ity componentsx = [xyzQ, Q, QZ] . We can see this limitation in the
Jacobian relation for our example robot:

X 0 Lps; 0
y 0 Locg+sg L, 91
z
4 o ol = —(Ly+L,c,+Lgc,0) 0 0 6, (1-74)
X S23 0 0.
Q 03
y Cog 0 0
24 | 0 11

we can see that the Jacobian provides a system of six equations for the
six unknown elements of  which are all dependant on(te 3)
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Xo, 1
robot joint variables. This underdetermined system of equations must
have interdependencies among the elemenks of

In this particular case, the three shaded rovfsJ((él) are linearly
dependent since each can be expressed as a scaled version of another.
This linegr dependence implies that only one of the three shaded ele-
ments of X ,(z, Q,, Qy) , can be independently specified. For the
remaining three (unshaded) rows, any one row is linearly dependant on
the, other two. This means that only two of the three unshaded elements
of X, (Xy,Q,) , can be independently specified.

In general, if (N <6) , there will be onl{ independent rows in the
Jacobian matrix no matter what frame of representation. Which  rows
(and corresponding elementsXn ) one chooses to call “independent”
is a matter of choosing between a limited set of options.

In the case of the example robot, we could choose to consider a reduced
cartesian vector,

(1-75)

X
1
N- < X-

as our independant axes of control in frame {4}.

Computing the Inverse Jacobian

If we reduce the number of rows in the original Jacobian to the rows
corresponding to our choice ‘6?1‘r in (1-75) above, then the resulting
“reduced” Jacobian matrix will be square (there are exadttly indepen-
dent rows in the Jacobian of &h  -link manipulator).

For our example robot, the reduced Jacob‘}égqe) will be
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4
0 L,s; O

‘30 = 0 Lcs+s, Ly (1-76)
—(Ly+L,yc,+L5C,0) 0 0

and the cartesian velocity of the robot tip in our chosen reduced carte-
sian velocity vector will be

4 .
i 0 L,s; 0|6,
a. .
x, 4 y| = 0 L,Cy+ S5 Lyl |0, - (2-77)
z —(Ly+LCtlaCy 0 Offg,

This reduced Jacobian matrix will always be square and therefore is at
leastpotentiallyinvertible so that wenaybe able to compute the robot
joint velocity, 8 necessary to achieve some desired cartesian velocity,
4 . .

X, using

6 = ‘770 I, . (1-78)

Robot Singular Configurations

If we want to use the relation in (1-78) to compéte , we need to first
find out at what points the inverse exists.

Since the matrix is only invertible when the it has a non-zero determi-
nant, computing the determinant symbolically allows us to find the
complete set of values 6f for which the Jacobfagm), is singular. In
the case of our example robot, we have

\ A 0 L,s; O
J©) = |y = 0 Lycg+ s, Ly (2-79)
z —(Ly+Lcy +L4C00) 0 0

which has the determinant
“3.0)) = (L +Lye, + Lyt (LS Ly (1-80)
so that the matrix is singular (non-invertible) when
—(Ly +LyCy+L4Cpa) (LySy) Ly = 0. (1-81)
This singular condition occurs when either of the following are true:

S; = 0
(1-82)

—L;—L,ycy—LgCys = 0

If we examine the conditions in (1-82) along with the schematic of the
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example robot below, we can see how each of these two types of “sin-

gular” positions may occur:

When6, 0 {0°,180°} , then the

By =0 first row of“3(6) goes to zero anc

(s3=0 - 0~ r
B, = 180° | the robot cannot move along the

X-axis of {4}

When the origin of {4} intersects
the z-axis of {1}, the third row of
4Jr(6) goes to zero and the robot
cannot move along the Z-axis of
{4}. This may only occur if
L,+Ly=L, istrue.

- Ll— chz_ L3c23 =0

Joint velocity near singular positions

Imagine that a robot with the same kinematic structure as our example
robot is being used for a visual inspection task such as the one shown
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below. The robot system is designed so that the operator can command

;

4 S0 )
X

Y
Operator

\ View Screen /

Storage Tank at the

Camera Hanford Reservation

the robot motions in frame {4} which is fixed relative to the camera
view. A computer system interprets the operator’'s commands and com-
putes the necessary joint velocities to achieve the commanded cartesian
motion using the relation

6= 70 X, (1-83)

The operator, who has never heard of a Jacobian or a Singularity, inad-
vertently drives the robot tip slowly along a path which takes it the near
the axis of rotation fof, as shown below. We already know that the

Top View

Jacobian will be singular when the robot tip frame {4} intersects the
axis of6, and that the robot will be unable to move alongthe  axis
since the third row of the Jacobian becomes all zeros. But what happens
when the robot iapproacheghe singularity condition?

If we look at the third row of the Jacobian expressed in frame {4},

%7 = (L +LyC, +LyCh0) B (1-84)

and solve fo; in terms ot , we find that

4

o, —Z (1-85)

(Ly+L,Cp+LgCr)
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So as we approach this singularity condition \aitly non-zero com-
manded'z value, the value 8f  necessary to achieve this motion
goes to infinity! The figure below show a profile of the joint velocity as
the robot moves along this trajectory. This type of trajectory causes two

64

Motion along trajectory

problems:

1. The robot is physically limited from unusually high joint velocities
by motor power constraints, etc. So the robot will be unable to track
this joint velocity trajectory exactly, resulting in some perturbation
to the commanded cartesian velocity trajectory

2. The slopes of the joint velocity plot above represents the accelera-
tion of this joint. The high accelerations that come from approach-
ing too close to a singularity have caused the destruction of many
robot gears and shafts over the years.
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