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The Incremental Motion Model:

The Jacobian Matrix

In the forward kinematics model, we saw that it was possible to re-

late joint angle® , to the configuration of the robot end eff%‘étor

In this section, we will see that it is possible to model the relation-

ship between the joimates 6, and the velocity of the end effector,
X, with a matrix as follows:

x = J(8)6
or

y 01
2 .

_ 0
w| = | IO 2
wy 'eN
w, - -

wherew, is théth component of angular velocity ad@o) isama-
trix of size 6 x N, and N is the number of joints on the robot. We will
derive this matrix by calculating as a functionbof  and factoring

out J(0) . But first, as further illustration, let us consider a simple
planar example.:

Ft'Vt

We can see from this example that we can resolve the velocity of the
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tip into x and y components as follows:
v, = —TwsinB

vy = rowcosd

which can be expressed in a trivial matrix equation as:

) [l

or

x=1J(8)8
Alternatively, we can look at the tip force, and the torque around the
joint:

T = —rF,sin6 + rchose
which again gives a trivial matrix equation:

X

T = [-rsind, r cosd] E
4

i
or

Jumping ahead from this simple example, we will see that the Jaco-
bian Matrix can also be used to relate tip forces to joint torques.
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Properties of Linear Transformations

Source: “Introduction to Matrices and Determinants,” F.Max Stein, 1967.

Facts:

1. A~ exists if and only if

det[A] 0

and ifdet[ A] = 0, we say A is aingular matrix.

2. Therankof A is the size of the largest square sub-ma8gijx,
for which

det[S] £0

3. If two rows or columns of A are equal or related by a con-
stant, therdet[ A] = 0 .

4. Any singular matrix has at least one eigenvalue equal to zero.

5. If A'is non-singular, andA is an eigenvalue of A corre-
sponding to the eigenvectgrthen

A = A7

6. If Aissquare, then A al’  have the same eigenvalues: i.e.

-
Axi = }\ixi and A y, = )\iyi

7. Ifthe n x n matrix A is of full rank (i.e.r = n ) then the
only solution toAx = O is the trivial one; = 0

8. Ifr<n,thereare—r linearly independent (i.e. orthogonal)
solutions,
X; (1<jsn-r)
for which AX = 0 (see also 4.)
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Properties of the Jacobian Matrix
We have seen

x =J(6)6 1)

andd = I (B)x  (2).

Velocity Mapping

Consider the square 6x6 caserdhk(J(8)) <6 , (2) has no solu-

tion (facts 1 & 2). Also, by fact 8, if the rank, r = 5, there is one non-
trivial solution to

X =3(8)6=0
so there is a direction in joint velocity space for which joint motion
produces no EE motion.

We call any joint configuratior@ = Q , for which

rank( J(Q)) <6
asingular configuration.

Furthermore, for certain directions of EE motio’np,l <i<6 )
% = 3(8)8 = A (8) w, (8)
where

A; (8) are eigenvalues of (B) , and
w, (8) are eigenvectors of D)

if J(0) is full rank, we have:

o = I (0)% = A%
(see fact 5). As we approach the singular configurdtion Q ,
there is at least one eigenvalyefér which )\j - 0. Thus,
D — )ﬁ )
W -5
In other words, motion in the particular directb_'qn causes joint ve-
locities to approach infinity.

-71-

Notes

12/30/95



University of Washington EE 543

Force Mapping
Considert = JT(Q) F

Clearly, rankHJTH = rank(J , sincedet[A] = det[AT] . Thus,
at8 = Q, there exists

F£0 suchthat J(Q)F =0
In other words, a finite force in a certain direction produnces
torque at the joints (if rank[J(Q)] = 5 , there is just one such
force direction, see facts 4,6,7).

-72-

Notes

12/30/95



University of Washington EE 543 12/30/95

Notes

The Jacobian by Differentiation

In addition to the method of velocity propogation, the Jacobian can
be obtained by differentiation of the forward kinematics equations.

Considering the above planar manipulator, define the configuration

vectorx = [x VY, d] T The forward kinematic equations of this arm
are:

X = 1€y 1515, +13C 55
y = IS +158,, 413853
0 =0,+0,+0,

Differentiating the first of these expressions, gives

X = —1,5,01— 1,5, (81 + 83) —155,,5(81 + 6, + B5)
or
X = = (I35 +1,81, +138159) I (158151135159 6, (138129 63
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Similarly,
y = (I3 +15C15+15C159) 6, + (15615 +15C199) 6, + (15C199) 0123
and

d = él+éz+é3

Thus,
0 =118, = 15815= 155155 ~ 15812138103 138123
J(O) = 11cp+1500,+15C155 15,015+ 15C 55 156105
1 1 1

Remember that we started with the expression for the EE configura-
tion in frame O so the resulting Jacobian is still in frame 0. In con-
trast, the velocity propogation method leaves us with a Jacobian in
frame N. Either result can be rotated later as necessary.

Example: Singular Configuration

To look at a singular configuration of this manipulator, take for ex-
ample,

4 O h~iF

Note that for@ = Q ,
S;o = S1, Syp3 = =S;,Cy, = C;, Cypg = —C, . This gives

o (=li=l+1g) s (=1, +13) s, 158,
JQ =1 (I, +1,=1)¢c, (I,=lz)¢c, e

1 1 1

If we denote the rows of J by {r1,r2, r3}, and recall thatfqr=

N

S, =¢ = 0.707 then we note that

ri = (-1)r2
so thatdet][ J(Q)] = 0 (fact 3).

-74-



University of Washington EE 543 12/30/95

Notes

This means that

<ENE

T
is a singular configuration. Note that on closer examination, we see
thatJ(Q) is singular foany value off, ! (This should be obvious

from the geometry). This is because, for &y , we still have

rl = r2(-tan(0,))
andtan(0,) is a constant. Thus,

is a singular configuration for ary

Force at a singularity

Sincet = J'F , at a singular poifgt, we can expect non trivial (i.e.
non zero) forceEj such that

I (QF =0
In words, there will be some force vector or vectors which can be ap-
plied to the tip which generate no torques in the joints. So, in a sin-
gular configuration, the mechanism can “lock up” with respect to tip
forces or torques in certain directions. For example, sugpasde-
fined as above, and

—Fcosel
Fl = —Fsinel
0

Note that this corresponds to a force applied to the tip in the direction
opposite to the outstretched arm, and that no external torque is ap-
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plied to the tip. Now, writing]T (Q) in a simplified form,

as; —ac; 1 _Fcl
1=J (QF, = |bs; -bc; 1 |-Fs
cs; —¢c; 1| 0

where
a=-l—=l,+l;
b=—l,+I,
c=l

and

—aFs,c, +aFs;c, +0 0
T = |-bFs,c, +bFsc, +0| = |0
0 0

This situation is an old and famous one in mechanical engineering.
For example, in the steam locomotive, “top dead center” refers to the

following condition

) Drive Wheel
Piston

rail

The piston force, F, cannot generate any torque around the drive
wheel axis because the linkage is singular in the position shown.
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Velocity at a singularity

Note that althoug® = J(Q)x has no solution in general, if we
assume that J loses rank by only one (i.e. r = n-1), then there are n-1
eigenvectors in the task velocity spa;icje, , for which solutions

exist. However, there will be multiple solutions. For example, if

—Vs1
Xl = VCl
0
The force vector looks like this
Y
X =V

We can see (at least geometrically) that the valid solutions for the re-
sulting joint velocities will be
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v
b, = | (7219
) 0
i 0
0
QB = v
=13
0
0
- 0
6~ =
YC —Y—
__|3

or, linear combinations of these such as
B, = @05+ 2,05 +2a58¢

where

a,ta,ta; = 1

This can be verified by multiplying any of the solutionsJi§g) to
obtaim_'(1 .

However, if there is any component of tip velocity in the direction
corresponding to the zero eigenvalue of J, then at least one joint rate
will go to infinity.
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Advanced Topic: Coordinate Free Jacobian Matrix

Source: Lecture notes by Dr. Amir Fijany, USC/JPL, 1990

We earlier described the elements of J as the “effective radius” be-
tween task axis i and the end effector. Consider the propagation of
angular velocity for an all revolute manipulator which we used to
compute the bottom three rows of the Jacobian matrix

_ nolh-1 n-1 5 L
W, = n—lR Q%—1+' Zn—1enD

This is also truendependent of any particular framEhat is

n

n—len
as long as all of the vector quantities in this equatigh(, _, and

W, = (1)“_1+Z

Z_ _, are ultimately evaluated in the same frame. Thiscisoadi-
nate free representatiasf the propagation of velocity. Since the co-

ordinate free form is so simple, let's expand the recursion for a six
axis manipulator:
(01 = Zlel +0

Z,01+2,0,

e
N
1

etc. Which gives finally,

6
Wg = z Z 6,
n=1

which is

O
Note that the matrix formed by assemblingZhe  vectors into col-

umns is simply the bottom three rows of the Jacobian matrix (also in
coordinate free form). By a similar but slightly more complicated
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derivation:
6,
6,
X6 = Z, 0 P1,6 Z,U Pz,s - | £g O P6,6 93
06

WhereP, . is the vector connecting the origin of frame 6 with the

origin of frame n. Note tha®; , is zero and so the last column

above should also be zero. This is correct bec@gse  should make
no contribution to thénear velocity of frame 6.

The overall Jacobian in coordinate free form is obtained by combin-
ing the two velocity results:

X = Js8
where
Z, 0Py 4 |Z,0P, ¢ Z;OPg ¢
Js =
Z, Z, Zs

1

The projection_ of this Jacobian onto any desired frar_ne is “simply
obtained by representing each vector in the desired frame, e.g.
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a\nd,nJ6 can be transformed to any other frame by

Wherer:R is the rotation matrix describing the relative orientation

between framesiandn and O is the 3x3 matrix of zero elements.
The two R’s simply rotate the vectorial elements of the two rows of
the Jacobian matrix.

Similarly, we can change the point at which velocity is computed
from the origin of frame 6 to any point, r, which is rigidly connected
to Fg by

52 |01

r 6
0 [
where[|] is the 3x3 identity matrix, aiy ,  represents the skew-

symmetric matrix which encodes the operargr, [ U . When
projected into some frama,

n n
o P, -,
N~
Per = |-, 0 "P,
n n
[Py =P 0
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